
H.W. 2 Solution

Q1)

xy′ + (x+ 1)y = x3; x > 0

y′ = −x+ 1
x

y + x2 Linear

y′ +
x+ 1
x

y = x2

P (x) = 1 +
1
x

I(x) = ex+lnx = exelnx = xex

xexy′ + (x+ 1)exy = x3ex

(xexy)′ = x3ex

xexy =
∫
x3exdx+ C

Now ∫
x3exdx =

∫
x3(ex)′dx = x3ex −

∫
ex(3x2)dx

= x3ex − 3
∫
x2(ex)′dx

= x3ex − 3[x2ex −
∫
ex(2x)dx]

= x3ex − 3x2ex + 6
∫
x(ex)′dx

= x3ex − 3x2ex + 6[xex −
∫
ex.1dx]

= x3ex − 3x2ex + 6xex − 6ex

=⇒ General solution for x > 0

xexy = x3ex − 3x2ex + 6xex − 6ex + C

or

y = x2 − 3x+ 6− 6
x

+
C

x
e−x
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where C is an arbitrary constant.

Q2)

y′ +
2x+ 1
x

y = e−2x; x > 0

y′ = −2x+ 1
x

y + e−2x Linear

y′ +
2x+ 1
x

y = e−2x

P (x) = 2 +
1
x

I(x) = e2x+lnx = e2xelnx = xe2x

y′xe2x + (2x+ 1)e2xy = x

(yxe2x)′ = x

yxe2x =
x2

2
+ C

where C is an arbitrary constant.

Q3)

y′ +
3y
x

= 6x2; x < 0

y′ = −3
x
y + 6x2 Linear

y′ +
3
x
y = 6x2

P (x) =
3
x

I(x) = e
∫

3
x
dx = e3ln|x| = eln|x|

3
= |x|3 = −x3( Since x < 0)

y′(−x3)− 3x2y = −6x5

[y(−x3)]′ = −6x5

y(−x3) = −x6 + C

where C is an arbitrary constant.

Q4)

y′ + 3y = 3x2e−3x

y′ = −3y + 3x2e−3x Linear
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y′ + 3y = 3x2e−3x

P (x) = 3

I(x) = e3x

e3xy′ + 3e3xy = 3x2

(ye3x)′ = 3x2

ye3x = x3 + C

where C is an arbitrary constant.

Q5)
dr

dθ
+ rtanθ = cos2θ; r(

π

4
) = 1

dr

dθ
= (−tanθ)r + cos2θ Linear

dr

dθ
+ (tanθ)r = cos2θ

P (θ) = tanθ =
sinθ

cosθ

I(θ) = e−ln(cosθ) = eln(cosθ)−1
=

1
cosθ

Note cosθ > 0 for −π
2 < θ < π

2 .
1

cosθ

dr

dθ
+

sinθ

cos2θ
r = cosθ

(
1

cosθ
r)′ = cosθ

1
cosθ

r = sinθ + C

r(
π

4
) = 1 =⇒ 1

1√
2

· 1 =
1√
2

+ C =⇒ C =
√

2− 1√
2

=⇒ 1
cosθ

r = sinθ +
√

2− 1√
2

Q6)

y′ + y = f(x); y(0) = 6

wheref(x) =

 5 ; 0 ≤ x < 10

1 ; x ≥ 10

y′ = (−1)y + f(x) Linear
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y′ + (1)y = f(x)

P (x) = 1

I(x) = ex

exy′ + yex = f(x)ex

(exy)′ = f(x)ex

=⇒ exy − e0y(0) =
∫ x

0
f(z)ezdz

i.e. exy − 6 =
∫ x

0
f(z)ezdz

i.e. exy = 6 +
∫ x

0
f(z)ezdz

Now for 0 ≤ x < 10

exy = 6 +
∫ x

0
5ezdz = 6 + 5[ex − 1] = 1 + 5ex

=⇒ y = e−x + 5

For x ≥ 10

exy = 6 +
∫ 10

0
5ezdz +

∫ x

10
1 · ezdz = 6 + 5[e10 − 1] + [ex − e10] = 1 + ex + 4e10

=⇒ y = e−x + 1 + 4e10−x

=⇒ Solution y(x) =

 e−x + 5 ; 0 ≤ x < 10

e−x + 1 + 4e10−x ; x ≥ 10
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